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THE ATIYAH-SUTCLIFFE DETERMINANT
J. MALKOUN
Abstract. We present a general formula for the Atiyah-Sutcliffe
determinant function, which holds for any integer n ≥ 2, as a
global factor times a sum of terms, with each term similar to a
higher degree cross-ratio. The formula is to our knowledge new.
We also conjecture that the Atiyah-Sutcliffe determinant is a
rational linear combination of products of factors of only two simple
types, each of them manifestly SO(3)-invariant. This allows us to
obtain a conjectural purely angular formula for the determinant
for n = 4, as an illustration of how our conjecture can be applied.
1. Introduction
Denoting by Cn(R3) the configuration space of n distinct points in
R3, we consider a configuration
x = (x1, . . . ,xn) ∈ Cn(R3).
Given a 6= b, with 1 ≤ a, b ≤ n, we form
vab =
xb − xa
‖xb − xa‖ ∈ S
2,
where ‖.‖ denotes the Euclidean norm in R3. Stereographic projection
is a smooth map, which we will denote by s, from S2 onto the Riemann
sphere Cˆ, and can be defined as follows:
s(x, y, z) =
{
x+iy
1−z , if (x, y, z) 6= (0, 0, 1)
∞ , otherwise.
We then define, for each a 6= b (1 ≤ a, b ≤ n),
tab = s(vab).
We now form, for each a, 1 ≤ a ≤ n, the polynomial
pa(t) =
∏
b6=a
(t− tab),
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with the understanding that factors t − tab corresponding to tab = ∞
are set to 1 (this can be justified using homogeneous coordinates on
P 1(C)).
The Atiyah-Sutcliffe conjecture 1 can now be formulated.
Conjecture 1.1 (AS conjecture 1). Given any x ∈ Cn(R3), the cor-
responding n polynomials pa, for 1 ≤ a ≤ n, are linearly independent
over C.
We now define the Atiyah-Sutcliffe normalized determinant function
D : Cn(R3)→ C. Let
δ(t) =
∏
1≤a<b≤n
(tab − tba),
where t = (tab). I am using inhomogeneous coordinates tab on the affine
subset C of P 1(C) corresponding to u 6= 0, where [u : v] is a homoge-
neous coordinate of a point on P 1(C). However, it is straightforward
to figure out what each factor means if some of the tab are infinity;
indeed, it suffices to use homogeneous coordinates and 2-by-2 determi-
nants, instead of inhomogeneous coordinates and differences. Form the
matrix
A = (p1, . . . , pn)
having the coefficients of pj corresponding to decreasing powers of t as
its j-th column.
We can now define the normalized Atiyah-Sutcliffe determinant D
by
D(x) =
det(A)
δ(t)
The Atiyah-Sutcliffe conjecture 2 can now be stated.
Conjecture 1.2 (AS conjecture 2). Given any x ∈ Cn(R3),
|D(x)| ≥ 1.
In section 2, we formulate and prove a general formula for the Atiyah-
Sutcliffe normalized determinant D. In section 3, we conjecture that D
can be expressed as a rational linear combination of terms containing
factors of only two types:
(vab, vcd) and det(vab, vcd, vef ),
and then illustrate the usefulness of this conjecture by providing a
conjectural purely angular formula for D for n = 4 (Conjecture 3.2).
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2. A general formula for the Atiyah-Sutcliffe normalized
determinant
Define
In = {(a, b); 1 ≤ a, b ≤ n and a 6= b}
and let G be the group of all permutations of In which fix the first
coordinate, namely, for every σ ∈ G and every (a, b) ∈ In, we have
σ(a, b) = (a, b′)
for some b′ 6= a (1 ≤ b′ ≤ n). We note that the order of G is
|G| = ((n− 1)!)n .
The action of G on In induces an action of G on the polynomial space
C[t]. For instance, we have
(σ.δ)(t) =
∏
1≤a<b≤n
(tσ(a,b) − tσ(b,a))
Given an integer n ≥ 2, we introduce the integer
cn =
n−1∏
a=1
(a!)2
Our formula for the Atiyah-Sutcliffe determinant can now be formu-
lated.
D(x) =
1
cn
∑
σ∈G
(σ.δ)(t)
δ(t)
The idea of the proof is that the subspace of C[t] having the same
symmetries as the numerator of the Atiyah-Sutcliffe determinant is 1-
dimensional. More precisely, let W be the subspace of C[t] consisting
of polynomials which are symmetric under the action of G, multilinear
and skew-symmetric as a function of the tab, thought of as elements of
C2 \ {0} up to scaling by a complex factor (i.e. using homogeneous
coordinates on P1(C)). Then W is complex 1-dimensional.
Moreover, one can prove that∑
σ∈G
(σ.δ)(t)
(essentially the numerator on the right-hand side of our formula) is
skew-symmetric under the action of the symmetric group Σn. It re-
mains to calculate the global factor, which can be done by considering
for instance collinear configurations, at which it is known that D takes
the value 1. This proves our general formula.
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3. A general conjecture for D and an application
We make the following conjecture.
Conjecture 3.1. The Atiyah-Sutcliffe normalized determinant D can
be expressed as a rational linear combination of terms containing fac-
tors of only two types:
(vab, vcd) and det(vab, vcd, vef ),
where the vab are as defined in section 1.
We illustrate the usefulness of this conjecture by providing a conjec-
tural purely angular formula for D for n = 4.
Conjecture 3.2. If n = 4, then
Re(D) =
3
8
+
3
2
Av((v12, v13)) +
3
2
Av((v12, v13)(v14, v24)) + · · ·
· · ·+ 3
8
Av((v12, v34)(v13, v24)) +
1
2
Av((v12, v14)(v13, v23)(v24, v34))
and
Im(D) = − 1
32
Av(det(v12, v13, v24))− 1
32
Av(det(v12, v14, v23)(v24, v34))
where Av denotes averaging over the symmetric group Σ4.
The way we used conjecture 3.1 in order to obtain the conjectural
angular formula for n = 4 (i.e. conjecture 3.2) is as follows. We used a
computer to generate all possible terms of the right degree which are
of the form given in conjecture 3.1, and formed the distinct Σ4 orbits
of such terms. Then using randomly generated configurations, whose
number is equal to the number of unknown coefficients, a linear system
was set up for these coefficients, and was then very easily solved by the
computer.
The author hopes that such angular formulas will turn out to be
useful. They are to his knowledge new. The reader may wish to also
consult for instance the article [6] by Eastwood and Norbury, who actu-
ally prove a formula for D for n = 4, but their formula is not (explicitly)
angular.
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believe that using formulas was the right way to approach this prob-
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